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We use the ha rmonic  approximat ion  of c r y s t a l - l a t t i c e  dynamics  to solve the equations of motion of the atoms 
of a c rys t a l  having a complex la t t ice  for the following init ial  conditions: all the c rys ta l  a toms are  at the 
la t t ice  nodes; the two semibounded par ts  of the c rys ta l  obtained by dividing the l a t t e r  by an a r b i t r a r y  c rys ta l  
plane have ve loc i t i e s  normal  to th is  plane which a re  equal in magnitude but opposite in d i rect ion.  F r o m  
the r e su l t i ng  solut ion we identify the m a c r o s c o p i c  components - - s tep  sublat t ice  uni form deformat ion  waves  
and step shea r  waves of the subla t t ices  r e l a t ive  to one another;  the connection between the i r  ampli tudes is 
es tabl ished.  It is shown that the m i c r o s c o p i c  solut ion d i f fe r s  f rom the m a c r o s c o p i c  in the finite d imensions  
of the shock wave front. In the course  of t ime  the d imension  of the reg ion  occupied by the wave front 
i n c r e a s e s  as t t/3 ," but the ra t io  of this quantity to the d is tance  t r ave led  by the wave tends to ze ro  in the 
course  of t ime.  It i s  es tab l i shed  that the kinet ic  energy  of coll iding c ry s t a l s  is comple te ly  t r a n s f o r m e d  into 
"e l a s t i c "  ene rgy  [1] and t h e r m a l  v ibra t ions  of the atoms are  not excited.  

1. Simple ini t ial  conditions.  In this  sect ion we obtain the solutions of the equations of motion of a complex la t t ice  
for ce r ta in  s imple  ini t ial  conditions. This  is n e c e s s a r y  in o rde r  to make it poss ib le  to gene ra l i ze  the p rob lem of the 
col l i s ion  of two semibounded c rys t a l s  [2] to the case  of a complex la t t ice .  Thus we l e t t h e  complex la t t ice  cons is t  of 
p + 1 s imple  sub la t t i ces  (v = 0, 1, 2 , . . . ,  p). One of them (v = 0) is cal led the bas ic  sublat t ice .  Following [2] it can be 
broken down into a s y s t e m  of equidis tant  c rys ta l  p lanes  and we can introduce the sys t em of bas is  v e c t o r s  and the 
coordinate  r e f e r e n c e  sys tem.  The radius  vec to r  of an a r b i t r a r y  la t t ice  node will  be 

rn~ = rn + r,  = n la l  + n2a2 + naaa + r~ (1.1) 

The symbol n3 now numbers  not only the c rys ta l  p lanes  of the bas ic  sublat t ice  but also the pa ra l l e l  p lanes  of the 
other  subla t t ices .  Without l imi t ing  genera l i ty  we can as sume  that the plane numbers  i n c r e a s e  in the posi t ive  d i rec t ion  
of the x3-axis  , and between the two planes  n 3 = N and n 3 = N + 1 of the bas ic  sublat t ice  the re  a re  located p planes  of the 

other  subla t t ices ,  each with the number  n~ = N. 

Let  the ini t ial  conditions be 

(1.2) 

where  UnVi(t) is the d i sp lacemen t  f rom the equ i l ib r ium posi t ion of the plane with number  n of sublat t ice  v in the 
d i rec t ion  of  the x i - a x i s .  Since this  p rob lem is  that of the motion of a chain of planes,  its solut ion is sought in the fo rm 
of the superpos i t ion  of ha rmonic  plane waves  whose wave v e c t o r s  a re  pe rpend icu la r  to the planes  

u,v~ ('k, t) = e~ (k) exp i [kr~ --4- ~o (k) t] 

u,~i (q) = e~ (q) exp / [nq ~ (o (q) t], k = qba (1.3) 

where  the ampl i tudes  evi(k) a re  the solut ions of the dynamic  equations 

{B~j  (k) - -  M~6~6~j~o ~ (k)} e~j (k) = 0 (1.4) 

B ~ j  (k) = ~, ~Dn~im~i exp ik(rm - -  r,) 
I l l  

~P-'~mwi a re  the la t t ice  force  constants .  Hence (for m o r e  detai l  see  [3], p. 29) 

B~iwi (k) = B~iwj (- -  k), evi (k) = evi ( - -  k) (1.5) 

i . e . ,  the rea l  pa r t s  of these  quant i t ies  a re  even functions of k, the imag ina ry  pa r t s  a re  odd and t h e r e f o r e  approach 
ze ro  as IKI ~ 0. Now we can obtain the solution of the p rob lem with the ini t ial  conditions (1.2) 
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a(p+t) v i Unvi(t) = ~ ~ -  M~e(~)~4(q)e(s)~i(q) e~(~-m)qsin[o)(s)(q)t]dq 
M~ (q) 

( 1 . 6 )  

Here  s is the n u m b e r  of the  s p e c t r u m  b r a n c h  and M = E M~ is  the  ce l l  m a s s .  
v 

Here ,  in c o n t r a s t  with f o r m u l a  (2.8) in  [2], we have used  the fo l lowing n o r m a l i z i n g  r e l a t i o n s  to s i m p l i f y  the r e s u l t  

My 
e(,)~i (k) e(,)~i ( k ) ~  = (5~6~j, ~ e(s)~ (k) eo. ),i (k) ~ = 6,r (1.7) 

S v,i 

2. Co l l i s i on  of two s e m i b o u n d e d  c r y s t a l s ;  s u b l a t t i c e  d e f o r m a t i o n s .  To ob ta in  the so lu t ion  of the p r o b l e m  of the  
c o l l i s i o n  of two s e m i b o u n d e d  c r y s t a l s  [2], we f i r s t  so lve  the  p r o b l e m  with the in i t i a l  cond i t ions  

u ~  (0) = O, u ~  (0) = - -  v~3, (o < ~<  N -  i) 

Ztn, A(O) = V6i3, ( - - N < n ~ - - l ) ,  unviC 0) = 0 ( n < - - N ,  n ~ ' > N - - l )  

and then  N ~ ~o, hence  

M v o r  
unv~ ( t ) = - -  ~ ~ 1 l Im [e(s)~s (q) e(~)~i (q)] COSsin(n -}-.~/~/2) q q  ~_ 

S, 1~ 0 

+ Re [e(~) w3 (q) e(~),,iIq)l sin(nsin +1/211/~ q q } sin (~ t] dq 

Here  we have u sed  so lu t ion  (1.6), the  second  r e l a t i o n  of (1.5), and also the  fact tha t  

(2.1) 

i / (q)cosNqdq->O as  N - ~  

0 

if f (q )  is  a funct ion  which  is  con t inuous  on the  i n t e r v a l  [0, 7r]. F r o m  (2.1) we can obta in  the q u a n t i t i e s  

- i 

• (t) = [u~i (t) - -  u ~  (t)] (2.2) 

Here a is the distance between closest planes of a single sublattice 

~ ,~ ( t )=  ~, ~ Im[e(~)~(q) e(~)~(q)] sin [(~ (q) t] s innqdq- -  
~, v. o ~~ (q) 

- -  i Fie [e(~)v* (q) e(s)~ (q)] sin [co(s ) (q) tl cos nq dq~ 
o ') c~ (q) J 

(2.3) 

Using the method of stationary phase [2, 4, 5], we can see that undamped disturbances are contained only in the 

integrals of the lower line of (2.3) and only in those in which W(s)(q) ~ 0 as q ~ O, i.e., only for the three acoustic 

spectrum branches s = I, 2, 3. Separating the undamped disturbances and taking into account the relation which will 

be obtained later in the paper 

we can obtain three step-ftmction uniform-deformation waves for each snblattice: 

(2.4) 

~(~)~ ( t ,  n) ~ ~(~)~(t,n) _~ 0 c(~)t ~ na ks = i, 2, 3 

Here  CCs ) i s  the  speed of sound.  

The solution of the problem of propagation of disturbances caused by the action on one of the crystal planes of an 
external force having the form of a square pulse can be obtained from (1.6). In both cases the microscopic picture, 
just as in the case of the simple lattice, is characterized by damped disturbances. In the complex lattice, among them 
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t h e r e  wi l l  be  d i s t u r b a n c e s  hav ing  the  f r e q u e n c i e s  of the opt ica l  b r a n c h e s  of the s p e c t r u m ,  inc lud ing  the d i s t u r b a n c e s  
a s s o c i a t e d  wi th  the  in f l ec t ion  po in t s  of t hese  b r a n c h e s .  The l a t t e r  decay  in t ime  as  t - j /3 .  

3. Shock wave f ront .  Now we can  see  that  in  the  complex  l a t t i ce  case ,  j u s t  as  in  the s i m p l e  l a t t i ce  ca se  [2], the 
shock  waves  which  a r i s e  upon c o l l i s i o n  of two s e m i b o u n d e d  c r y s t a l s  a r e  d e s c r i b e d  by i n t e g r a l s  of the fo rm 

= i  - -  J(T, n) -~-~sin['~e~(q)]cosnqdq ( '~= ~ ) (3.1) 
6 

Here  T is  d i m e n s i o n l e s s  t i me ;  c is  the sound speed  for  the acous t i c  s p e c t r u m  b r a n c h  in ques t ion ;  ~(q) and go(q) 
a r e  func t ions  which  have a su f f i c i en t  n u m b e r  of con t inuous  d e r i v a t i v e s  on the i n t e r v a l  [0, ~r], and as  q ~ 0 

(q) ~ q + (p" (n) -a (P~I 0) ~p~0) q~ 
(3.2) 

The m a c r o s c o p i c  a p p r o x i m a t i o n  of (5.1) i s  the s tep  wave 

J ('~, n) ~V2 ~3 (0) rt, ,~ > n 
"~'l 0, ~ n  (3.3) 

To s tudy  i n t e g r a l  (3.1) in  m o r e  de ta i l  for  r ~ n, i . e . ,  n e a r  the shock wave f ront ,  i t  i s  su f f i c ien t  to se t  in (3.1) 
r = N ,  w h e r e N > > l , a n d n = N +  l, w h e r e  l < < N .  Hence  

J(% n) = J(N,l) =- Jl(+) (N, l) + Jl(-~ (N, l) + J2(+) (N,l) + J~(_) 

Jt(+)(N, l) = ~ ~ ~p (q) sin N [q + T (q)] cos lq dq j 2q 
0 

~r (~)(N, l) = ~ I ~2(--qq ) cos N tq + (P (q)] sin lq dq 
0 

(3.4) 

(3.5) 

(3.6) 

Using  the  fact that  N >> l ,  we can  apply the method  of s t a t i o n a r y  phase  [4, 5] to the i n t e g r a l s  (3.5) and (3.6). As a 
r e s u l t  of  (3.2) the  i n t e g r a l s  Yl(_) and J2r b r e a k  down into a s y m p t o t i c  s e r i e s  in i n t e g r a l  p o w e r s  of the s m a l l  quan t i ty  
N-i /3 , w h e r e  Jl(-) i s  in  even  p o w e r s  b e g i n n i n g  wi th  the z e r o  power ,  and the i n t e g r a l  ]~(_) is in  odd p o w e r s  beg inn ing  
wi th  the f i r s t .  The i n t e g r a l s  ]i(+) and Y~(+) b r e a k  down in  i n t e g r a l  p o w e r s  of N -1, the f i r s t  in even  power s  b e g i n n i n g  
wi th  ze rq ,  the s econd  in odd p o w e r s  b e g i n n i n g  wi th  one.  Dropping  t e r m s  of the e x p a n s i o n s  which approach  z e r o  f a s t e r  
than  N -i /3 as  N ~ ~, we can w r i t e  

J" (N, /) ~ ~.(0) [U6 zr - -  0.703 ]r (0)]-v~ N-'/d], r (0) < 0 
J (N, l) ~ ~ (0) [I/a ~ - -  0.703 I q~"' (0)l-v~ N-'t~ l], r (0) > 0 (3.7) 

Here  we m u s t  d i f f e r e n t i a t e  the  two c a s e s  go"'(0) < 0 and go"(0) > 0. In the  f i r s t  c a se  the  a p p r o x i m a t e  va lue  of the 
i n t e g r a l  Jl(-) i s  nega t ive ,  in the second  c a s e  i t  i s  pos i t ive .  Al though the p o s s i b i l i t y  of the e x i s t e n c e  of a pos i t i ve  t h i rd  
d e r i v a t i v e  of the  func t ion  g0(q) for  q = 0 s e e m s  q u e s t i o n a b l e  (in th i s  ca se  the  l o w - f r e q u e n c y  v i b r a t i o n s  have group 
v e l o c i t i e s  g r e a t e r  t han  the speed  of sound)  the  p r e s e n t  au tho r s  have not  d i s c o v e r e d  any facts  which  forb id  th i s  
p o s s i b i l i t y ;  t h e r e f o r e  both c a s e s  a r e  s tud ied  he re .  

In the new a p p r o x i m a t i o n  the shock wave f ron t  is  s l an ted ,  and in the c o u r s e  of t i m e  the  s lope  d e c r e a s e s  as  N -1/3. 
F r o m  (3.3) and (3.7) we can obta in  the l eng th  of the  s l an t ed  p a r t  of the  shock wave f ron t ,  

l .  ~ 2.2 I(p'" (0) ] '~N '/, 

In the s i m p l e  o n e - d i m e n s i o n a l  chain ,  if we take  in to  account  i n t e r a c t i o n  only of the n e a r e s t  n e i g h b o r s ,  ~ ( 0 ) =  
= - 1 / 4 ,  in  t h i s  c a s e  l .  ~ 1.4 N 1/3. Thus ,  in  the h a r m o n i c  a p p r o x i m a t i o n  of c r y s t a l - l a t t i c e  d y n a m i c s  the  l eng th  of the  
s l an t ed  p a r t  of the shock wave f ron t  i n c r e a s e s  in the  c o u r s e  of t ime ;  however ,  i t s  r e l a t i v e  length  / , / N  d i m i n i s h e s  in 
the  c o u r s e  of t i m e  and t e n d s  to z e r o  a s  N ~ 0% We note  that  i f  go"'(0) = 0 the  length  of the s l an ted  p a r t  of the shock 
wave f ron t  i n c r e a s e s  with t i m e  m o r e  s lowly,  n a m e l y  as  N 1/5. We can  see  f rom (3.7) that  the d i s t a n c e  t r a v e l e d  by the  
shock wave f ron t  x3 = ct  i s  d e t e r m i n e d  by the  pos i t i on  of a point  of the  s l an t ed  p a r t  of the f ront ,  whe re  in  the ca se  
go'"(0) < 0 the  l a t t i ce  c o m p r e s s i o n  r e a c h e s  1 / 3  (in the c a s e  go'"(0) > 0 - 2 / 3 )  of the c o m p r e s s i o n  in  the  r e g i o n  loca ted  
beh ind  the  shock wave f ront .  
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Significant corrections to the macroscopic approximation (3.3) of integral (3.1) are also the low-frequency 
vibrations, which propagate in the case q)'"(0) < 0 with velocities somewhat less than the speed of sound, and in the eas( 

q0"'(0) > 0 with speeds somewhat greater than the speed of sound. We can see from the asymptotic expansions presented 

in [2] that the amplitudes of these corrections increase with approach to the slanted part of the shock wave front. The 
stationary-phase method makes it possible to estimate at what distance l** from the wave front the amplitudes of these 

corrections are Q times less than the amplitude of the step wave (3.3): 

l** ~ 0.9 (Q~N[ ~"'  (0)I) ~'' 

i f Q  = 1 0  and ~0"'(0) = - 1 / 4 ,  t h e n l * *  ~ 13 N 1/3. If in th i s  ca se  N = 1 0 0 0 ,  then  l** -~ 130, i f N  = 108, l** ~ 6000. The 
quan t i ty  l** i n c r e a s e s  in  the  c o u r s e  of t i m e  as  N 1/~. However ,  the  r a t io  of th i s  quan t i ty  to the d i s t a n c e  t r a v e l e d  by the 
wave f ron t  (I**/N) d i m i n i s h e s  and a p p r o a c h e s  z e r o  as  N ~ ~r 

Also  among  the c o r r e c t i o n s  to the m a c r o s c o p i c  p i c t u r e  a r e  the v i b r a t i o n a l  d i s t u r b a n c e s  p r o p a g a t i n g  with a l l  
p o s s i b l e  v e l o c i t i e s  f r o m  the point  of o r ig in  of the shock wave.  Among  these  the d i s t u r b a n c e s  a s s o c i a t e d  wi th  the 
i n f l ec t i on  po in t s  of the d i s p e r s i o n  c u r v e s  damp m o s t  s lowly  (as  z -1/3 ). In the c o u r s e  of t i m e  the c o n t r i b u t i o n  of t h e s e  
c o r r e c t i o n s  b e c o m e s  v e r y  s m a l l .  

F r o m  the p h y s i c a l  v iewpoin t  it  is  i n t e r e s t i n g  to dwel l  on those  c a s e s  in which  the d i r e c t i o n  of c o l l i s i o n  is  the  ax is  
of s y m m e t r y  of the  c r y s t a l .  Here  we can v e r i f y  the  Hugoniot  r e l a t i o n s  [1]. The r e s u l t s  ob ta ined  above m a k e  it  p o s s i b l e  
to s ta te  that  d u r i n g  c o l l i s i o n  of h a r m o n i c  l a t t i c e s  ( in c o n t r a s t  with a n h a r m o n i c  [6]) the Hugoniot  r e l a t i o n s  a r e  sa t i s f i ed .  
In th i s  c a s e  we d i s c o v e r  a f ea tu re  which is  c h a r a c t e r i s t i c  only of the h a r m o n i c  a p p r o x i m a t i o n  of l a t t i ce  d y n a m i c s - - t h e  
k i n e t i c  e n e r g y  of the m o v i n g  c r y s t a l  i s  c o m p l e t e l y  t r a n s f o r m e d  into " e l a s t i c "  c o m p r e s s i o n  e n e r g y  and t h e r m a l  
v i b r a t i o n s  of the a t o m s  a r e  not  exc i t ed .  

4. C r y s t a l  s u b l a t t i c e  sh i f t s .  In s tudy ing  v a r i o u s  p h y s i c a l  p h e n o m e n a  (the p iezoeffec t ,  for example )  it  i s  
i m p o r t a n t  to know how the B r a v a i s  l a t t i c e s  which  c o m p r i s e  the complex  l a t t i ce  d i s p l a c e  as  a r e s u l t  of c r y s t a l  
d e f o r m a t i o n .  Thus,  b e a r i n g  in m i n d  (2.2), we can ob ta in  f rom (2.1)  

n 

Be [e(s)~a(q) (e(s)~i (q)--  e(spd (q))l X 
8, p. 0 

sin [o(s ) (q) t] sin (n -t- l/s) qdq + 
X c~ (q) sin I/2 q 

+ Im [e(,)~3 (q) (e(.),i (q)--e(s)xl (q))l cos (n + ~/2) qdq 
o c~ (q) sin 1/~ q 

Taking into account (1.5) told (2.4), and the equality 

~M~e(~)~j = 0 ,  s = 4 ,  5 . . . . .  3 ( p - t - t )  

(4.1) 

(see ,  for  example ,  [7], p 75), we can see  that  u n d a m p e d  d i s t u r b a n c e s  a r e  con ta ined  only in the i n t e g r a l s  of the lower  
l ine  of (4.1) and only if  s = 1, 2, 3. F r o m  (4.1) we ident i fy  t h r e e  sub l a t t i c e  shif t  s tep waves  

j - ave(~)3 (0) (e~ - -  e~ ) / c(~), 
~4(s)vM (t, n )  [ 0 

o . 1 

q--,O q 

C o m p a r i n g  (4.2) and (2.5), we can  wr i t e  

c(~)t ~ na 
c(~)t ~ n a 

(4.2) 

(4.3) 

Thus, in order to know how the crystal deformations and its sublattice shifts are interconnected we must find out 
how the quantities .e(s)~(0) and e~ -- e~ are interrelated. 

O. 
In connection with the discussion above, we study the behavior of the acoustic branches of the spectrum as q 

Then 

lim co(~)(q) %) l im c~ (k) k 
q~o q - -  a ' I k i ~  I k l  = c(~)(ko) ,  ko - -  l k [  ( 4 . 4 )  
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In s tudying (1.4) as  q - - 0  (in the genera l  case  as Ikl ~ 0 )  it is more  convenient  to conver t  f rom the va r i ab les  e/~ to 
the va r i ab l e s  

to = eo,  f~. = e~. - -  e o (ix = 1, 2 . . . . .  p) 

P p 

* ~ * B* M~o)  ~ (k)  6 ~ E * }  f F (k )  {~, B~(k)--M~(o (k)E !fo(k) + ~ { ~ ( k ) - -  = 0 
?~=0 ~ 1  

(4.5) 

where  e* is a t h i r d - o r d e r  unit mat r ix ;  ep(k) -= {euj(k) } a r e  t h r e e - d i m e n s i o n a l  vec to r s ,  and B v u  (k) - {Bvipj(k)} a re  
t h i r d - o r d e r  m a t r i c e s  sa t i s fying the r e l a t ions  

P p 

B ~ j ( 0 ) ~  ~ (I)n~im~j=0, lim ~ ~ ImB~t~j(k)=0 (4.6) 
p.=O m, p. {kl~ { { % p.=0 

The f i r s t  identity (4.6) is well  known, the second co r r e sponds  to the identi t ies (23.11) of [8] and (59.5b) of [9] and 
can be obtained f r o m  them.  Taking into account  (4.4), the f i r s t  identity (4.6), and lett ing [k I ~ 0  in {4.5), we obtain 

P 

~gj B:~ (0) f~ (0) = 0 (4.7) 

The ma t r i x  Bvipj,  (v, # = 1, 2 . . . . .  p), of o r d e r  3p, is nonsingular;  o therwise  the lat t ice wouldbe unstable ,  namely  
sublat t ice shifts  r e l a t ive  to one another  without the act ion of ex te rna l  fo rces  would be poss ib le .  

Thus,  the 3p quant i t ies  fp i (0)  (p =1,  2 . . . . .  p) equal ze ro ,  s ince they a r e  solut ions of a s y s t e m  of homogeneous 
l inear  equations whose ma t r ix  rank  equals  3p. 

We can see that  the t e r m s  of (4.5) a r e  ze ros  of di f ferent  o rde r  with r e s p e c t  to Ik[ as  [k I ~ 0 ,  and the s m a l l e s t  
o r d e r  is unity. F r o m  (4.5) a f t e r  dividing by [k[ and pass ing  to the l imi t  Ik[ ~ 0  follows 

B:~ (0) f~ + ~9~ B:i to (0) = 0 (4.8) 
~--~1 Z=0  

t~-=-lX]-Imfr,(k), B~x= lira .J .  ImB:x(k) 
Ikl--,o } "{ 

As a r e su l t  of the identi t ies (4.6), of the 3(p+ 1) equations (4.8) with 3(p+ 1) unknowns only 3p will  be l inear ly  in- 
dependent  (for s y m m e t r y ,  let  v = 1, 2 . . . . .  p). The three  equations which are  lacking for  comple teness  of the s y s t e m  can 
be obtained by summing  (4.5) with r e s p e c t  to v ,  dividing them by [k] 2, and letting [k[ ~ 0 :  

where  

P 

{B* - -  Mc~e*} to (0) - -  ~ ( ~  B : : )~ :=  0 (4.9) 
)t~l v~O 

P p 

B ' : h m F ~ R e  ~ B~x(k), M =  ~ M r 
{ k{--,o v, ~ , ~  P.=0 

Using the fact  that  the ma t r i x  of the left-hand side of (4.8) is nonsingular  and solving the equat ions,  we can obtain 

f~ = D3o (0) (4.1o) 

To c lar i fy  the comple te  p ic ture  of the sublat t ice  d i sp lacements  it is suff icient  to examine  only the d i sp lacements  
of all  the subla t t ices  r e l a t ive  to the bas i c  subla t t iee .  And these  d i sp lacements ,  if we Use (4.3) and (4.10), can be o b -  
tained f r o m  the c ry s t a l  de format ions  

It can be shown that in the case of a lattice, each atom of which is an inversion center, the sublattices shift so 
that the complex lattice as a whole undergoes only uniform deformation. 
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